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Abstract— Visual servoing of constrained dynamical robots
has not yet met a formal treatment. Also, notices that due
technological constraints, this tasks is done slowly at velocity
reversals, thus dynamic friction arises, which complicates
even more the problem. In this paper, a new adaptive scheme
for visual servoing of constrained robots subject to dynamic
friction is proposed. An image-based control is introduced to
produce simultaneous convergence of the constrained visual
position and the contact force between the end-effector and
the constraint surface. Camera and robot parameters are
considered uncertain. This new approach is based on a new
formulation of the orthogonalization principle used in force
control, coined here visual orthogonalization principle. This
allows, under the framework of passivity, to yield a synergetic
scheme that fuses camera, encoder and force sensor signals.
Simulations results are presented and shows that image errors
and force errors converge despite uncertainties of friction model.

Index Terms— Visual Servoing, Adaptive Force Control, Sen-
sor Fusion, Dynamic Friction.

I. INTRODUCTION

Robot tasks that involve joint encoders, force sensors,
CCD cameras, proximity sensors, haptic interfaces, and tactile
devices pose a challenging problem in robotics due to the
multisensor/multisampling nature of the problem. However, it
is well known that multisensor-based robot control approaches
may offer a solution to very important and relevant, but
complex, problems in robotics. In order to achieve sensor
fusion-based controller, a careful analysis of the dynamics,
sensors behavior, and tasks are required. Furthermore, since
physical parameters are in practice uncertain, robustness to
parametric uncertainties, are an integral part of the control
problem. One of such tasks is the force-position control of
a robot using visual information. In this paper, we focus
in the following problem: “design a controller that ensures
tracking of image based trajectories of constrained robots
subject to uncertainties on camera, robot and dynamic friction
parameters”. This problem has been elusive because it is not
evident how to deal with vision and force signals, despite lot
of the availability of schemes of vision or force.
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A. Motivation

The task under study is that the robot end effector tracks
a visual trajectory along the surface of an object, and at the
same time, control the applied force exerted in the surface by
the end-effector, see Figure (1). This task is very relevant in
many robotic applications. However, for any practical impact,
uncertainties must be considered.

Fixed Camera ‘

Fig. 1. Robot Force-Vision System

On the other hand, joint friction is quite important to
compensate because it is a dominant dynamical force in slow
and velocity reversal regimes. Therefore, we consider the
LuGre model!, which reproduces pre-sliding regime at very
small displacements and hard nonlinearities for slow motion
and velocity reversals, which is typical motion regime of
contact tasks. Interestingly, we derive a friction compensator
that depends on image errors.

IThis dynamic friction is responsible for limit cycles.



B. Contribution

An adaptive controller driven by image errors and contact
force errors is proposed to solve by first time the problem
possed above. The underlying reason that allows to obtain this
result is that a new image-based error manifold is introduced
to propose a visual-based orthogonalized principle. Thus, sim-
ilar results to the case of nonvisual-based orthogonalized prin-
ciple are obtained. This nontrivial extension, allows to solve
formally this problem, and the closed-loop system guarantees
exponential tracking of position and force trajectories subject
to parametric uncertainties. This scheme delivers a smooth
controller and presents formal stability proofs. Simulations
allows to visualize the expected closed loop performance
predicted by the theory. We further extend our proposal to
include visual compensation of dynamic friction. Surprisingly
the control structure is quite simple, in contrast, the proof is
rather involved, though straightforward.

II. BACKGROUND

Hybrid vision/force control approaches have been reported
[11, [2], [3], [4], and none of them shows robustness to
uncertainties, on robot parameters and camera parameters.
In a different path, the authors Xiao et al. [5], present
an interesting scheme of hybrid vision force control in an
uncalibrated environment, but their approach does not deal
with uncertainties of robot parameters, and exhibits a very
complex control law. Finally, the authors [13] present a novel
concept using a neural network in order to adapt the unknown
robot parameters for constrained robots, but that sort of
schemes are out of the scope of this work.

With respect to force control, Arimoto solved by first time
the simultaneous control of position and force using the
full nonlinear dynamics subject to parametric uncertainties
without coordinate partitioning. This was possible through
judicious design of extended error, that is based on the orthog-
onalization principle. Afterwards, several schemes have been
proposed based on the orthogonalization principle, however
these schemes have not been extended or combined beyond
constrained robots.

III. NONLINEAR ROBOT DYNAMICS

A. Constrained robot dynamics

The constrained robot dynamics arises when its end effector
is in contact to infinitely rigid surface. Considering the gen-
eralized position?> ¢ € R™ and velocity coordinates ¢ € ",
this system can be modeled as a set of differential algebraic
equation as follows [6]

H(q)i+C(g,9)q+9(q) =7+ I (X = F(4,%,2) (1)
¢(g) =0 2
where matrix H(q) € R™*"™ stands for the symmetric positive

definite manipulator inertia matrix; C'(g, ¢)g € R™ stands for
the vector of centripetal and Coriolis torques; g(g) € R" is

2No independent reduction of generalized coordinates was used in this
approach.

the vector of gravitational torques, F'(q, Z, z) is the dynamic
friction®, J,4(q) 757 is the constrained normalized
jacobian of the the kinematic constraint ¢(gq) = 0 or rigid
surface assumed frictionless with continuous gradient and A
stands for the constrained lagrangian, or contact force. Adding
and subtracting to (1)-(2) the following linear parametrization

arises
H(q)4r +C(q:9)Gr + 9(q) = yrbh 3)

where the known regressor v, = 4, (¢, 4, ¢r, Gr) € R™*P and
the unknown constant vector 6, € %P, p > 0, produces the
open loop error equation

H(Q)Sq =T+ Jg;-i-(Q))‘ - C(Qa Q)Sq -y “@
with joint error surface S, defined as
Sqg=4—4qr o)

where ¢, stands for the nominal reference of joint velocities,
not yet defined.

IV. CAMERA MODEL

The static pin hole camera model is used, considering thin
lens without aberration [7]. To introduce the model, first
consider the robot direct kinematics

v, = f(q) (6)

where x;, € R™ represents the position of robot end effector
in cartesian space, ¢ € R" is the vector of generalized joint
displacements, and f(-) : R® — R™. Then, the differential
kinematics of robot manipulator, which relates velocities in
cartesian space &, € R” to joint space velocities ¢ € R", is
defined as follows

&y = J(q)q @)

Now, the visual position x5 € R2 of robot end effector in
monochromatic image space (screen) is given by [7]

zs = aR () zp + Os ®)

where « is the scale factor*, and R (0) € SO(3), Bs € R?
and depends on intrinsic and extrinsic parameters of camera’.

The differential camera model is then
Zs = aR(0)dy 9)

where &, € R? determines the visual robot end effector
velocity. Notice that the constant transformation aR (#) maps
statically robot cartesian velocities z;, into visual velocities or
visual flow .

Using equation (6)~(8), equation (9) becomes

iy =aR(9) J(q)q (10)

3For a clear exposition, firstly, F'(q, 2, z) will be considered zero, however
in Section VIII it will be treated.

4Without loss of generality, a can be considered as a scalar matrix 2 X 2.

5Focal distance, depth of field, translation of camera center to image center,
distance between optical axe and the robot base.



Thus, the inverse differential kinematics for robot manipu-
lator in terms of visual velocities® becomes

G=J(@) "RO) " a iy = g = Jpineds (1)

This relation is useful to design the nominal reference of joint
velocities ¢, in the following section.

V. VISUAL ORTHOGONALIZATION PRINCIPLE
Since (g) = OVt, then its time derivative yields

d _Op(q)dq _ _
dt@(q)— 9 di = 2(@)q=0

This means that J,, (¢) is orthogonal to ¢. That is, ¢ belongs
to the orthogonal projection matrix @ of J,, (¢) [6]

Q=I1-J.,J, (12)

As we can see, () spans the tangent plane at the contact
point, therefore, J, and () are orthogonal complements. In
other words, if the robot end effector is in contact with the
constraint surface, then

RQi=¢—QRQI=Q¢=q (13)
that is, ) is idempotent; therefore naturally,
QI =0 (14)

These properties are fundamental to establish the visual
orthogonalization principle as follows. Firstly consider ¢, in
terms of orthogonal nominal references of velocity ¢s and
force ¢y, as follows

qr = qs +dy 15)
Notice that, we are also interested in designing an image
based servo visual force control without computing inverse
kinematics’, then nominal reference ¢, must be designed in

terms of nominal visual reference and nominal force reference
as follows

Gr = QJRinvir + B Gry (16)

with qs = QJRinv:.Cr and qf = /BJEQTf’ /8 € §R+~
Using (11) and (13), consider now the next nominal visual
reference of velocities

t t
jjr - m.sd - aA-Ts + Ssd — Vs1 / Ss6 - ’732/ SZgn (SS(S)
to

to

a7
where 2,4 stands for desired visual velocity trajectory, and
Axgs = 1y — x4q is the visual position error. Finally, the

visual error surface arises
Ses = Ss — Ssqg = (Ady + aAxy) — S, (tg) e "= (18)

where Aty = &, — 449 defines visual velocity error, kg > 0
and v,, =L € R i=1,2.

OWith Jrino, € R™X™ whose entries are functions of robot and camera
parameters.

7to eliminate the inverse kinematics calculus and to reduce the control law
computational cost. This is also one byproduct of this scheme.

Now, let consider now the nominal force reference as
t

t
Grp = AF — S+ ven | Ses+ s / sign (Ses) (19)

to to
for
SF(;ZSF—SFdEAF—SF(to)e_KFt (20)
where AF = ftto AN (C)dC, AN = X — Ay, \q is the desired
contact force, K > 0, and vp, =vF, € R, i =1,2.
Using equations (16), (17), (19) and (11) into (5), the visual
orthogonalized joint error surface arise as follows

Sq:q_(erQq_QT
= QJRim;l.'s - QJRim;l.'r - ﬁjg%"f
= QJRinvSvs - ﬁjgst (21)

with
t

t
Svs = Ss5 + Vs1 Sss + 782/ sign (555)

t() tO
t t
Svr = SFs + v / Srs + ’YFZ/ sign (Srs)
to to

where S, stands for the visual manifold and S, 7 stands for
the force manifold.

Notice that S; is composed of two orthogonal comple-
ments QJgrinySys depending on image coordinate error, and
ﬁJg S, depending of integral of contact force errors. Thus,
tracking errors Az, and AF' can be controlled independently,
since they are mapped to orthogonal complements.

Remark 1. The above definition assumes exact knowledge
of Jriny. However, in practice, it stands as a very restricted
assumption. Therefore, we need to design a uncertain man-
ifold S, taking into consideration the uncertainty of Jgin..
To this end, consider

Gy = QT Rinotr + BI  Gry (22)

with J/R; an estimated of Jg;n.,, such that rank J/R-in\v are
full rank Vq € €2, where the robot workspace free of sin-
gularities is defined by Q = {g|rank (J (¢)) = n,Vq € R"},
and V0 € R. Thus, substituting (22) into (5), we have the
uncalibrated joint error surface

S, =d—4q,
= QJRinvis — QJRinvr — B Gry (23)

where S'q is available because ¢ and a, are available. Adding
and subtracting QQJRrin, 2, to (23) we obtain

Sq = QJRinvSvs - ﬁjgst - QAJRinvir
= Sq - QAJRinvi'r (24)

—_—
where AJRinv = JRinv - JRin'U~
Remark 2. Uncalibrated visual system. In this paper
we regarded an uncalibrated visual scheme, i.e., JRiny 1S
considered as unknown. This means that the complete product
of Jrim is unknown even when J(q) is known, since J, and
Q are known.



VI. OPEN LOOP ERROR EQUATION
Using (22), the uncertain parametrization yréb becomes

H(q), + C(a, )dr + 9(a) = y:0y (25)
where ET = f(&,,dyr), with

Ty = jsd - aA:ts + 5.’sd - 731585 - 782Sign(ss6) (26)

Gry = AF — Sqr +vr1SFs + Yr2sign (Srs) 27
which introduces discontinuous terms. To avoid introduc-
ing high frequency discontinuous signals, add and subtract

tanh(vsSss) and tanh(vySrs), vy, vs > 0, to §, to separate
continuous and discontinuous signals as follows

q.r = (jrcont + Q,YSZS - 6J$’7fzf (28)
with  z, = tanh (A;Sss) — sign(Sss) and
zp = tanh (A;Sps) — sign(Sps). Thus yeont =
Yr (q,q,qr,q‘mm is continuous since (jr7éjrcont) e Ch,
where

/q\.rcont = QJRinv-ircont + QJRinv-i'rcont + QjRinvjjrcont
B Gr geont + B Grfeont (29)
with

Zrcont = T4 — @AT5 + Ssd - ’731S35 — Vs2 tanh(vsssé)
(30)

Grfeont = AF — Sqp +Yr1Sks + 2 tanh(vpSps)  (31)
Therefore (25) becomes
H(q)4r+C (4, 0)4r+9(a) = Yeont O+ H(Qyszs = BIF 1521)
(32)
Adding and subtracting (32) to (1), we obtain finally the open
loop error in function of (g, ¢, Gr, Greont) as follows:
H(q)Sy =7 —C(g,9)8, + T L ()A—
yconteb + H(Q’VSZS - /ngpyfzf) (33)
Now we are ready to present the main result.
VII. CONTROL DESIGN

Theorem 1 Assume that initial conditions and desired
trajectories belong to €2, and consider the robot dynamics
(1) in closed loop with the following visual adaptive force-
position control law

T = _Kdéq + ycontéb + Jg-i- (Q) [_/\d + UAF} +

t
vrd} (q) * [tanh (vrSFs) +77/ Sgn(SFzS)] (34)
t

o

éb = _Fyz:mtgq (35)

where T' € RUP*, Ky € R, 1 > 0. If K, is large enough
and error of initial conditions are small enough, and if

% {Ra ®)J (q) [Sq + (AT piny) x] } ’

then exponential convergence of visual and force tracking
errors is guaranteed.

Proof: The proof can be found in the appendix.

Remark 3. Apparently there is problem with J(q(t))™'.
However, we have proved that J(q(t)) is not singular for all
time, because q(t) — qa(t) exponentially, without overshoot,
with desired trajectories belonging to robot workspace 2, thus
J(q(t)) — J(qa(t)) within Q and J(q(t))~* is well-posed Vt.

Remark 4. Since the continuous tanh(x) is substituted
instead of sign(x), upper bounds e5 and €3 are greater.
To induce the second order sliding mode, and therefore
exponential convergence of tracking errors, it suffices to tune
vVs2 and ypo to a larger value. If sign(x) would have been
used, then smaller 5o and vps would have been tuned, but
at the price of chattering on the control input.

Remark 5. In this article, a new control law has been
proposed, wich is easy to implement and presents low compu-
tational cost, even when the proof is quite involved to follow,
however, straightforward.

VIII. DYNAMIC FRICTION COMPENSATION

The following LuGre [8] dynamic friction model is con-
sidered
F(4,%2,2) =o0z+ 012+ 09q
: = —ooh(§)z+q (36)
M) = o

ap+tagexp—(4/ds)?

where matrix parameters 01,092,053 are diagonal definite
matrices n X n, the state z € R" stands for the position of the
bristles, ag, a1 > 0, and ¢; > 0. We just want to highlight that
this model exhibits the following complex dynamic friction
effects (see [8] for more details on this model).

« Backslash.

« Viscous friction.

« Stiction and static friction.

« Stribeck effect.

o Elastic and plastic deformation.

o Pre-sliding regime.

These effects involve a very complex dynamics around
the trivial equilibrium, and for bidirectional motion, and for
very small displacements, the forces that comes out from this
model makes impossible to reach the origin due to the limit
cycles induced and the potentially unstable behavior.

Substituting (36) into (1) yields

H(q)§+C(q, 4)4+0124+9(q)+00z—001h(§)z = T+JL, ()A

(37)
where 0¢g; = o0go1 and 012 = o1 + 09. Substituting the
uncalibrated nominal reference (22) in (37), just like (25),
lies the next equation

H(q)§+C(q,4)q+0124+9(q)+002—001h(§)z = T+J 5, (@)X
(38)

Similar to [9], only the part of the equation (38) that
is linear in parameters (LP) is rewritten in terms of the



uncalibrated nominal reference (qAT, q:)T € R as follows

H(Q)é}r + C<Qa Q)ér + 012(}7“ + g(Q) = Yféb + 0'12(57" (39)

Notice that yréb #* Y,.0,. To be able to cast the problem of
non-LP of equation (36) as a disturbance rejection problem,
[9] proposes a discontinuous virtual regressor, which in turn
yields chattering, with harmful consequences to real physical
systems. To avoid chattering the following virtual continuous
regressor is introduced

TS |iltanh(€75,) + ooaortanh(ErS,) = Y;Oy, (40)
where g1 = ag + 1, tanh(q) is the continuous hyperbolic
tangent function, and Ay > 0. If we add and subtract (39)
and (40) to (37), the following parametrization arises

-~

H(q)Sq+C(q,4)Sy+0128 = T—F-YO+JL (q)f (41)
with
F=o09 {Z + 0401tfmh(§fgq)
+ g~ 'oraor |dltanh (€5 5,) (42)
— ouldl2(a +a16xp7<q/q's>2)‘1}

where ¥ = [V, Yy], and 6 = [6F,071T. Finally, solving

(41) for H(q)S,, yields the following open-loop visual error
dynamics subject to dynamic friction

H(q)Sq=—-C(q,§)8 — 0128, + 7= F = YO + J., (q)f

(43)
Finally, consider the following visual adaptive force-position
control law

T=—KyS,+ YO+ JL, (q)[-Aa +nAF] +

t
e gy () [tanh (uSFs) +77/ Sgn(Sm)} (44)

to
6=-1v"s, (45)

where I' € RP*P+, K; € R}*". We now have the following
result.

Theorem 2 Assume that initial conditions and desired
trajectories belong to €2, and consider the controller (44)-(45).
If K4 is large enough and a error of initial conditions are
small enough, and if

s > Hjt {Ra (0)7 (@) [$4+ Adrini | }H

then exponential convergence of visual and force tracking
errors is guaranteed.

Proof: The proof can be found in the appendix.

Remark 6. Important properties of this control scheme
have to be highlighted: Is an Image-based dynamical control

d _ .
VF 2= pn {<—5J¢J$ (Q)) ' J«psq}

scheme for constrained robots that fuses visual, encoder and
force signals. This control law presents, for first time in
literature, compensation of dynamic friction by means of
visual feedback.

IX. SIMULATIONS

The simulations were carry out in Matlab Simulink soft-
ware. Robot parameters and constant gains used in the
simulations are: (my,mz) = (6.72,2.03) Kg, (l1,l2) =
(0.4,0.3) m. The desired trajectories for the simulation
was:zs = aR[zed;yed] + Bs,xed = 0.5;ycd = 0.5 + r *
sin (w *t) ;7 = 0.1,w = 0.5. The contact surface (restriction)
is a plane parallel to plane YZ and over z = 0.5;

In order to simulate a non calibrated system, we used 20%
of uncertainty in each element of Jg;y., this rise a 50% of
JRrinv uncertainty. The constant values for the simulation are:
I' =1,k = 20,y = 3.0,n = 0.029,8 = 1.0,Kq =
90,0 = 40,ks = 20,7vs = 7.8. Friction parameters:
oo =30000, 012 = 2, ap1 = (4,0.4), ¢s = 0.01. Figures
(2) and (3) depict the cartesian and visual error, respectively.
Figure (4) shows the contact force applied on the wall. Figure
(5) renders the smooth and chattering-free input control for
each link. Finally, in Figure (6) can be seen the 3D task
space. Notice the difference between compensation and not
compensation of dynamic friction in each figure. The control
laws described above were quite easy to tune and present
minimum errors of visual and force tracking without high
frequencies in the control input.

X. CONCLUSIONS

This paper introduces a novel scheme for adaptive image
based visual servoing/force control in a constrained dynam-
ical system. The main feature is the ability to fuse image
coordinates into a orthogonal complement of joint velocities,
and contact forces in the orthogonal complement of integral
of contact forces. Using this, exponential convergence arises
for image-based position-velocity and contact forces even
when robot parameters and camera parameters are considered
unknown. Additionally, it is proposed a compensator of un-
certain dynamic friction, which is usually neglected in visual
servoing, but it is of particularly concern in visual motion
tasks, because the motion regime is slow, with velocity rever-
sals. Simulations confirm the predicted stability properties.
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APPENDIX

Theorem 1 : Proof. The closed loop dynamics between
(34)~(35) and (33) yields

—

H (Q) Sq = - {Kd + C(Qa Q)} Sq - ycontA9b+
J5y (@) [AX+ vyp tanh (uSFs)] +

nJ%, (q) {AFJHYF/S!JTL(SF&)] (46)

Afy =TyL .S, 47)

with Af, = 6, — éb. The proof is organized in three parts.

Part 1. Boundedness of Closed Loop Trajectories. Con-
sider the time derivative of the following Lyapunov candidate
function

1714 ~

along the solutions of (46)-(47) as

. 2 A
V< —Ka|| S, 8 1Sorl + IS0 @9)

where 1 is a functional depending on the state and error
manifolds, similarly to [10]. Now if K4, n and 3 are large
enough and the initial errors are small enough, we conclude
the seminegative definiteness of (49) outside of hyperball

g0 = {§;|V < O} centered at the origin, such as the
following properties of the state of closed loop system arise

84y Sur € Loo — ||Susll, [|Sur|| € Loo (50)

Then, (Ssg7fsign (SS(;)) € L, and since desired trajec-
tories are C? and feedback gains are bounded, we have that

q'A,-, c; € L. The right hand side of (33) shows thate; > 0
exists such that ‘

This result shows only local stability of 3; and S,. Now we
prove that the sliding modes arises.

—

Sq S €1

Rewriting (24) in terms of two orthogonal vectors, we
obtain

Sq = Q {JRinvSvs - AJRinvi'r} - ﬁjg {S’UF} (51)

Since Sq € Lo, and Jgin, and @ are bounded, then
QJRinvSvs 1s bounded and, due to ¢ (g) is smooth and
lies in the reachable robot space and SUF/\ — 0, then
ng Syr — 0. Now, taking into account that Sq is bounded,
then%] Rinv@Sys and %ﬁ]g Sy are bounded (this is pos-
sible because JE is bounded and so Q is). All this chains
of conclusions proves that there exists constants €2 > 0 and
€3 > 0 such that

Svs < g2,

SUF’ <é€3

Now, we have to prove that for a proper selection of feedback
gains ys1, Vs2 and yp1, yre then trajectories of visual
position and force converges to zero. This is possible if we
can prove that sliding modes are established in the visual
position subspace () and in the subspace of force Jg (q).
Considering that operator QJRgin, spans the VCCtOI'.Sq as
the direct sum of its image im {QJginy (Svs)} = ST and

im {5J$ (Sur)} = Sim, see (51), this implies that
Sq = Q {JRinvSvs - AJRinvftr} - BJg {S’UF}
= (8" —im {AJRinpir}) — S (52)

where S —im {AJRiny@,} and SU7 belongs to orthogonal
complements, that means <S;’S” — im {AJRinvdr}, S;”I%> =
0. That is, we are able to analyze the S —im {AJginyar }
dynamics independently of S, because S’ belongs to the
kernel of Q. This is verified if we multiply (52) by Q7 that
is

QTSQ = QTQ {JRinvSvs — AJRinvEr} — ﬁQTJZSUF
= Si —im {AJRinvin} (53)

since () is idempotent. It is important to notice that if Az =
Ay for any square nonsingular matrix A and any couple of
vectors z,y, then x = y. Thus, equation (53) means that
S*q = Q {JRinvSvs — AJRinv@r} is valid within span of Q.
Now, if we multiply S’q by J,, we obtain

Jg0+‘§q = Jtp+Q {JRMM)SUS - AJRinvir} - ﬂJLP+J$ {S'I)F}
— —BSur (54)

Part II: Second Order Sliding Modes.

Part ILa: Sliding modes for the velocity subspace.
According to QTS’q = Q{JRrinvSvs — AJRinyE,} then
S*q = JRinvSvs — AJRinyZ, in the image subspace of @,
however notice that ) is not full rank, then this equivalence
is valid locally, not globally. In this local neighborhood, if we
mu}tlp]y Sq = Q {JRinvSvs - AJRinvjjr} by Ra (9) J(Q)g,

8Remember the equality: Jrin, = J 1 (¢) Ra* (6).



we have
t

t
J (q) Sq = 555 + Vs1 555 + 732/ SZg’fL (585) -
to tO

Ra (9) J (Q) {AJRinvir}

Taking the time derivative of (55), and multiply it by SZ;
produces

R (0)
(55)

Si3Sss = —s2S5gsign (Sss) — vs1525Sss+
s?;jt R (6) T (@) (S + ATrinui )|
s 1S5 = Yor S5’ (56)
where g = Ys1 €4, and g4 =
4 [Ra 0)J (q) (S + AJRM,UIT)] Thus, we obtain

the sliding condition if 5 > €4, such as pus > 0 of (56)
guarantee the sliding mode at Sgs = 0 at t; = M
However, notice that for any initial condition Sys (t9) = 0,
then ¢, = 0, which implies that the sliding mode at
Sss (t) = 0 is guaranteed for all time.

Part ILb: Sliding modes for the force subspace. Simi-
larly, if we multiply (54) by (ijg (q))fl, we obtain
(o TE (@) T8y = =BT} {S.r}

t

(57)

Jf (q)Sq = Srs +F1
t(J t()

(58)

where ij (q9) = (_ﬁJwJZ: (q))f1 J,. Derivating (58) and

multiply it by ST.; becomes

. d N
StsSrs = —vr2 |Srs| — YF15FsSrs + Sga@ (Jf (q) Sq)

(59)
d ~
< —vr2|Srs| — vr1 |SFs|) + [SFs| T (Jf (9) Sq)
(60)
< —ur|Srs| —vr1 |1SFs|? (61)
where pp = vp — €5, and €5 = 4 [(ijg (q))_1 Jgogq}

If vg > &5, then a sliding mode at Sgs (t) = 0 is induced
at ty < W, but Sgs (to) = 0, thus Spg(to) =0 is
guaranteed Vt.

Part I1I: Exponential convergence of tracking errors.
Part IIl.a: Visual tracking errors. Since a sliding mode
exists for all time at Sss5 (t) = 0, then, we have

Ss = S’stt — AI‘S = —OéA.fL's + SS (ﬁo) e_”"‘t

this implies that the visual tracking errors locally tends to zero
exponentially fast, this is 3 — z4q,Ts — Tsq, implying that
the robot end-effector converges to the desired image g4,
with given velocity 4.

Part IIL.b: Force tracking errors. Since a sliding mode
at Sps (t) = 0 is induced for all time, this means AF =

t
Srs +7F2/ sign (Srs)

e "Ft_ Moreover, in [10] it is shown that the con-
thus A — Mg

AF (to)
vergence of force tracking errors arises,
exponentially fast. QED.

Teorem 2 : Proof. With the very same Lyapunov func-
tion of Theorem 1, we obtain the following time derivative,
along trajectories of the closed loop of (44)-(45) and (43),

V< —Ka|8[ - ns ISl + 1800 -V @

where

Vi = 00S] [z + oortanh(&Sy)] — 0018,[—2h(d)

+ ap oo |E[tanh(E£S,)). (63)

n [11], [12] it was proved that Vf > 0, and ‘Vf‘ < &4,
€4 > 0. Then, Vf is positive definite outside the hyperball
po = po(Sy) = {Sq|vf SO} with [[pol < p, for p > 0.
Thus, if we choose &y large enough, preventing that the

mechatronic system does not introduce high frequency from

the term tanh(&;S,), then (62) becomes
V < -STK;S, — STmKZ + po. (64)

Afterwards, we proceed exactly as in proof of theorem 1,
and it is therefore omitted. QED.



